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Abstract 

We define an equivariant index of Spin c -Dirac operators on pos¬ 
sibly noncompact manifolds, acted on by compact, connected Lie 
groups. The main result in this paper is that the index decomposes 
into irreducible representations according to the quantisation com¬ 
mutes with reduction principle. 
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1 Introduction 

Let M be a possibly noncompact, connected, even-dimensional manifold, 
on which a compact, connected Lie group K acts. Suppose M has a K- 
equivariant Spin c -structure. An equivariant connection on the determi¬ 
nant line bundle naturally induces a map from M to the Lie algebra of 
K. This is called a moment map, and is defined via a formula due to 
Kostant. Assuming this moment map to be proper, we define an equiv¬ 
ariant index of Spin c -Dirac operators in this setting. This generalises an 
index of Dirac-type operators defined by Braverman @J, in the Spin c -case. 
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We show that the index has a multiplicativity property, which allows us to 
prove that it satisfies the quantisation commutes with reduction principle. 
This result yields a geometric way to decompose the index into irreducible 
representations. It generalises the main result by Paradan and Vergne in 
m 12S1 from compact to noncompact manifolds. At the same time, it is 
an analogue in the more general Spin c -case of the results for symplectic 
manifolds by Ma and Zhang in ||T8ll , and by Paradan in Il25ll . 

Quantisation and reduction 

The quantisation commutes with reduction principle goes back to Guillemin 
and Sternberg's 1982 paper 0. They made this principle rigorous, and 
proved it, for compact Lie groups acting on compact Kahler manifolds. 
Their conjecture that quantisation commutes with reduction for general 
compact symplectic manifolds inspired a large and impressive body of 
work, which culminated in the proofs in the late 1990s by Meinrenken 
11211 and Meinrenken and Sjamaar ||22l . The richness of this conjecture 
was illustrated by completely different proofs by Tian and Zhang H29l and 
Paradan Il23l . 

For a compact Lie group K acting on a compact symplectic manifold 
(M, tu), the definition of geometric quantisation, attributed to Bott, is 

(1.1) Qk(M, tu) := index K (D L ), 

the equivariant index of a (Spin c - or Dolbeault-) Dirac operator D L on M, 
coupled to a line bundle L with first Chern class [tu]. Reduction involves a 
moment map p: M — > £*, such that for all X E t, 

(1.2) 2\/^T[j.x = £x — V x m, 

where px £ C°° (M) is the pairing of p and X, £ x denotes the Lie derivative 
of sections of L, V is a connection on L with curvature —2\/^Ttu, and X M is 
the vector field on M induced by X. In the symplectic setting, the action by 
K on (M, tu) represents a symmetry of a physical system, and a moment 
map is the associated conserved quantity. The reduced space at a value £, e 
t* of p is 

-p-^K-y/K, 

and is again symplectic (if smooth) by Marsden and Weinstein's result Hl9l . 
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Quantisation commutes with reduction is the decomposition 
(1-3) Q K (M,m)=®Q(M A )7t A+p , 

A 

where A runs over the dominant integral weights of K (with respect to a 
maximal torus and positive root system), and 7 Ta +p is the irreducible repre¬ 
sentation of K with infinitesimal character A + p, i.e. with highest weight A. 
Here p is half the sum of a choice of positive roots. (In the symplectic set¬ 
ting one usually parametrises irredicible representations by their highest 
weights, but in the Spin c -setting considered in this paper, using infinites¬ 
imal characters is more natural.) In this way, one obtains a geometric for¬ 
mula for the multiplicity of any irreducible representation in the index 

Di- 

Generalisations 

After the equality (11.31) was proved for compact M and K, the natural ques¬ 
tion arose what generalisations are possible and useful. Results have been 
obtained in several directions. 

Cocompact actions 

Landsman Ifl5l proposed a definition of quantisation and reduction in 
terms of K-theory of C*-algebras, for possibly noncompact groups G acting 
on possibly noncompact symplectic manifolds (M, co), as long as the ac¬ 
tion is cocompact, i.e. M/G is compact. He conjectured that in this setting, 
quantisation commutes with reduction at the trivial representation, i.e. for 
A = 0 in (11.3b . Results were obtained in IBitflllQI. An asymptotic version of 
Landsman's conjecture was proved in [20], which was generalised to cases 
where M/G may be noncompact in [12]. 

Compact groups, noncompact manifolds 

Vergne [30] generalised the definition (11.11) of geometric quantisation to 
compact groups and possibly noncompact manifolds, and conjectured that 
the appropriate generalisation of (11.31 ) still holds. Ma and Zhang [18] gen¬ 
eralised (11.11) in a different way, assuming the moment map to be proper. 
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which contains Vergne's definition as a special case. They gave an ana¬ 
lytic proof that quantisation commutes with reduction for their definition. 
Paradan H25l later used very different, topological, techniques to also gen¬ 
eralise Vergne's definition and prove that quantisation commutes with re¬ 
duction. 

Compact Spin c -manifolds 

It was noted in |j5]] that Spin c -manifolds provide the most general frame¬ 
work for studying geometric quantisation, and it was shown that quanti¬ 
sation commutes with reduction for circle actions on compact Spin c -manifolds. 
Recently, Paradan and Vergne |j26, 27,|28H generalised this to actions by ar¬ 
bitrary compact, connected Lie groups. It is fascinating that quantisation 
commutes with reduction in this generality, so that it is a property of in¬ 
dices of Spin c -Dirac operators rather than just of geometric quantisation. 

In the general Spin c -setting, the term 'quantisation' becomes restric¬ 
tive, since Paradan and Vergne's result applies to all Spin c -Dirac operators 
on compact manifolds, not just those used to define geometric quantisa¬ 
tion. However, interpreting the index of such an operator as a quantisation 
makes it natural to generalise the quantisation commutes with reduction 
principle. The Spin c -version of this principle has a great scope for appli¬ 
cations, and for example implies Atiyah and Hirzebruch's vanishing the¬ 
orem [23 for Spin-manifolds. The results on Landsman's conjecture men¬ 
tioned above were generalised to Spin c -manifolds in HTTI . 

The main result 

The results in IH81I25I (on compact groups and possibly noncompact sym- 
plectic manifolds) are based on two different generalisations of (11.1)) . and 
analytic one and a topological one, which give the same result. Braver- 
man |4| defined a third equivariant index for compact groups acting on 
possibly noncompact manifolds. This is based on a deformation 

D^=D —V^cK) 

of a Dirac-type operator D. Here A 1 is a vector field induced by an equiv¬ 
ariant map g : M —» t, and c denotes the Clifford action. Braverman 
assumed the set of zeroes of to be compact, and showed that his index 
then equals the ones used in [18. 25] for symplectic manifolds. 
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In this paper, we first generalise Braverman's index in the case of Spin c - 
Dirac operators. We take the map p to be a Spin c -moment map, which di¬ 
rectly generalises (11.21) (where L is now the determinant line bundle of 
an equivariant Spin c -structure). Rather than assuming v LL to vanish in a 
compact set, we assume that p is proper, which we show to be a weaker 
condition. The index takes values in K(K), the Grothendieck group of the 
semigroup of representations of K in which all irreducible representations 
occur with finite multiplicities. We denote this index by 

indexes, p) G ft(K), 
where S —> M is the spinor bundle. 

Our main result is that it satisfies the quantisation commutes with re¬ 
duction principle. In this context, analogously to (11.11) . we also denote the 
index by 

Q S K Pin (M, p) := indexes, p) G fc(K). 

Let f M be the generic (i.e. minimal) infinitesimal stabiliser of the action by 
K on M. In the symplectic case, there is always an element £, G t whose 
stabiliser f) c t with respect to the adjoint action satisfies 

where the round brackets denote conjugacy classes. (See Remark 3.12 in 
HZ!). I n the Spin c -case, existence of such a stabiliser algebra t) is necessary 
for Qk P 111 (M., p) to be nonzero. 

Theorem 1.1 (Quantisation commutes with reduction). Let K be a compact, 
connected Lie group, and let M be an even-dimensional, connected manifold, 
with an action by K, and a K-equivariant Spin 0 -structure. Let p be a Spin c - 
moment map, and suppose it is proper. If there is no algebra t) C t as above, then 
Q^ pin (M, p) = 0. If such an algebra does exist, then the multiplicities m* G Z 
in 

(1.4) Q S K pinC (M,p) = ®m A 7t A g6(K), 

A 

equal sums of quantisations of reduced spaces, as specified in (13.61) . If the generic 
stabiliser of the action is Abelian, which in particular occurs if p has a regidar 
value, then this sum has a single term: 

m A = Q SpinC (M A ). 
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This result is a generalisation of Paradan and Vergne's result in Il27ll 
from compact to noncompact manifolds, and a Spin c -analogue of the re¬ 
sults for symplectic manifolds in fl8ll25l . 

Ingredients of the proof 

We use a combination of analytic and geometric methods. To prove that 
our index is well-defined, we show that every irreducible representation 
occurs in it with finite multiplicity This proof is based on a vanishing 
result. 

Theorem 1.2 (Vanishing). For every irreducible representation n e K, there is 
a constant C n > 0 such that for every even-dimensional K-equivariant Spin c - 
manifold U, with spinor bundle S —> U and moment map \i such that v Ll vanishes 
in a compact set, one has 


[indexes, p) : 7t] =0 

zy || [u(rrt) || > C n for all m e U. 

(Here [V : 7t] denotes the multiplicity of 7t in V e R f K ).) 

The proof of this result, given in Section [4} is inspired by Tian and 
Zhang's 112911 analytic proof that quantisation commutes with reduction for 
compact symplectic manifolds. A geometric deformation of the moment 
map g allows us to generalise their estimates from compact symplectic 
manifolds to noncompact Spin c -manifolds. An interesting aspect of this 
proof is that a function d, which plays a central role in Il27l . emerges in a 
completely different way. 

An important property of the index we define, and the key step in re¬ 
ducing the proof of Theorem ll.ll to the compact case, is that it is multiplica¬ 
tive in a suitable sense. Let M and N be connected, even-dimensional, K- 
equivariant Spin c -manifolds, with spinor bundles Sm — > M and Sn — > N, 
and moment maps p M : M —> t* and p N : N —> t*. Suppose that p M 
is proper, and that N is compact. Let index K (§N) be the usual equivariant 
index of the Spin c -Dirac operator on N. 

Theorem 1.3 (Multiplicativity). We have 

(1.5) index^SMxN, Pmxn) = index^S/u, p M ) ® index K (S N ) € 
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In the compact symplectic case, one can deduce the decomposition (11.31) 
from the case for the trivial representation, i.e. A = 0. This is based on a 
multiplicativity property as in Theorem 11.31 which is much simpler for 
compact manifolds. For noncompact symplectic manifolds and proper 
moment maps, the main difficulty in the proofs in Iil8l, 25] that quanti¬ 
sation commutes with reduction is to prove Theorem 11.31 for symplectic 
manifolds M. After that, one applies the case for reduction at the trivial 
representation as for compact symplectic manifolds. 

Analogously to the symplectic case. Theorem 11.31 plays an important 
role in the proof of Theorem 11.11 In this paper, we prove Theorem 11.31 
and use it to obtain a localised expression for the multiplicities m A in (11.41) . 
This expression is the same as the one in 11271 , so that Paradan and Vergne's 
arguments can be applied directly from that point onwards. This leads to 
a proof of Theorem ll.il 

To prove Theorem ll.3l in the general Spin c -setting, we apply a localised 
version of cobordism invariance of Braverman's index. This is done in 
Section [5] Defining a useful notion of cobordism for possibly noncompact 
manifolds is nontrivial. Braverman succeeded in finding such a definition, 
and in proving that his index is invariant under this notion of cobordism. 
We cannot directly apply this cobordism invariance to prove Theorem II .31 
however, because the vector fields appearing in the arguments do not have 
compact sets of zeroes. (An essential assumption in Braverman's defini¬ 
tion.) But by considering the multiplicity of any fixed irreducible repre¬ 
sentation in both sides of (11.51) , we are able to localise the problem to sets 
where it is possible to construct a cobordism. This construction involves a 
procedure to replace a given moment map p, on an open set U where the 
vector field W has a compact set of zeroes, by another moment map p that 
is proper on U, without changing the resulting index. 

The proofs in [18], 125]] of Theorem 11.31 in the symplectic case are quite 
involved. While this is also a matter of taste, to the authors the cobordism 
argument in Section [5] seems simpler. In addition, it applies directly to the 
Spin c -ease. In HT3l , we apply analogous arguments to give a short proof in 
the sympectic case. 
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Notation and conventions 

All manifolds, maps, vector bundles and group actions are tacitly assumed 
to be smooth, unless stated otherwise. 

The space of vector fields on a manifold M will be denoted by X(M), 
and the space of k-forms by Q k (M). If E —* M is a smooth vector bun¬ 
dle, then r°°(E) is its space of smooth sections, and r c °°(E) C r°°(E) is the 
subspace of compactly supported sections. 

2 An analytic index 

In H, Braverman defined an equivariant index of Dirac-type operators 
for compact Lie groups acting on possibly noncompact manifolds. In Sec¬ 
tion |3j we will generalise this index in the case of Spin c -Dirac operators, 
and state its properties that we will prove in the rest of this paper. In the 
current section, we review the material from (4|] we will use. 

Throughout this paper, K will be a compact, connected Lie group, with 
Lie algebra t, acting on a manifold M. We will consider a K-invariant 
Riemannian metric g on M. In this section, we assume that M is complete 
with respect to this metric. 
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2.1 Deformed Dirac operators 

Let £ = £ + © £~ —> Mbea Z 2 -graded, complex vector bundle, equipped 
with a Hermitian metric. Let 

c : TM —> End(£) 

be a vector bundle homomorphism, whose image lies in the skew-adjoint, 
odd endomorphisms, and such that for all v e TM, 

c(v) 2 = —II v|| 2 . 

Then £ is called a Clifford module over M, and c is called the Clifford action. 

A Clifford connection is a Hermitian connection V £ on £ that preserves 
the grading on £, such that for all vector fields v, w e X(M), 

[V v £ ,c(w)] = c(V v ™w), 

where V™ is the Levi-Civita connection on TM. We will identify TM = 
T*M via the Riemannian metric. Then the Clifford action c defines a map 

c : £!’( M;£) -> r°°(£). 

The Dirac operator D associated to a Clifford connection V £ is defined as 
the composition 

(2.1) D : r°°(£) ^ a 1 (M; £) A r°°(£). 

In terms of a local orthonormal frame {e-\ ,..., edimMjv one has 

dim M 

(2.2) D = Y_ c(ej)V £ . 

l=i 

This operator interchanges sections of £ + and £ . We will denote the re¬ 
striction of D to F 00 (£ ± ) by D ± . 

Suppose that £ is a K-equivariant vector bundle, the action by K pre¬ 
serves the grading on £, and for all k G K, m e M, v G T m M and e G £ m 
we have@ 

k • c(v)e = c(k • v)k • e. 

1 In fact, this condition implies that the action by K preserves the Riemannian metric. 
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Then £ is called a K -equivariant Clifford module over M. Let V £ be a K- 
invariant Clifford connection on £. Then the Dirac operator D associated 
to V £ is K-equivariant. 

If M is compact, the kernel of D is finite-dimensional. Then one has the 
equivariant index of D + , 

(2.3) index K (£) := index K (D + ) = [ker D + ] — [kerD~] e R(K), 

where R(K) is the representation ring of K. Braverman defined an equiv¬ 
ariant index without assuming M to be compact. 

2.2 Braverman's index 

To define an index of Dirac operators on noncompact manifolds, Braver¬ 
man used a smooth, K-equivariant map 

cp : M —> L 

Such a map induces a vector field v 1 * 5 e X(M), defined by 

(2.4) exp(—tcp(m))m. 

at t=0 

Definition 2.1. The Dirac operator deformed by cp is the operator 

D(p := D - V^c{v v ) 


on F°°(£). 

Remark 2.2. The vector field equals minus the vector field used by 
Braverman (see (2.2) in flU). This leads to the minus sign in the defini¬ 
tion of the deformed Dirac operator, which is not present in (2.6) in 0J. 
The minus sign in the definition of vector fields induced by Lie algebra 
elements, used in the definition of v‘ p , is needed to make Spin c -moment 
maps well-defined in Subsection 13.21 

We will denote the set of zeroes of v <p by Z, () . It is important for the def¬ 
inition of Braverman's index that Z v is compact. In fact, a large part of the 
work in this paper is done to handle cases where Z (() may be noncompact. 
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Definition 2.3. A taming map is an equivariant map cp : M —> t, with the 
property that Z v is compact. 

Let cp be a taming map. 

Another ingredient used in the definition of the index is a K-invariant, 
nonnegative smooth function f e C°°(M) K , that grows fast enough. More 
precisely, f is required to satisfy 

r f(m)|KH 2 

m 1 ^ ||d m f||||v£|| + 1 

where £ is a function on M, defined in (2.4) in f4j. By Lemma 2.7 in f4), a 
function f with these properties always exists. Fix such a function f. 

Let ker L (DjM be the kernel of the deformed Dirac operator Df, inter¬ 
sected with the space of L 2 -sections of £, with respect to the Riemannian 
density on M. The definition of Braverman's index is based on Theorem 
2.9 in |U, which is the following statement. 

Theorem 2.4. Any irreducible representation n o/K has finite multiplicity 
in ker 1 f Dy ( J. The integers m+ — iu a do not depend on the choice of the function 
f and the connection V £ . 

This allows one to define an equivariant index for the pair (£, cp). 
Definition 2.5. The equivariant L 2 -index of the pair (£, cp) is 

index^ 2 (£, cp) (m £ — G R(K). 

7tgR 

In this definition, R is the unitary dual of K, the numbers are as 
in Theorem 12.41 and R(K) is the Grothendieck group of the semigroup of 
representations of K in which all irreducible representations occur with 
finite multiplicities, which is equal to Hom z (R(K), Z). 

The index of Definition 12.51 depends on cp in general, but see Proposi¬ 
tion |2T2]below, and Lemma 3.16 in |4j. 

2.3 An index theorem 

Braverman's analytic index of Definition 12.51 equals a topological index 
used in the statement of Vergne's conjecture 130M . and in Il23ll25ll27l . It also 
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equals an analytic index used in Ifl8l in the context of geometric quantisa¬ 
tion. 

The topological index is defined as follows. Let £ and cp be as in Sub¬ 
section |2T] Consider the symbol cr^ : TM —> End(£) defined by 

(2.5) ff«p(v) := V^cfv-v^), 

for all m G M and v G T m M. This symbol defines a class 

[o-cp] G K°(T k M), 

where T K M is the space of tangent vectors to M orthogonal to K-orbits. By 
embedding a K-invariant, relatively compact neighbourhood of Z (() into a 
compact manifold, one can apply Atiyah's index of transversally elliptic 
symbols HTJ to obtain 

(2.6) indexj^tcTjp] G 6(K). 

Theorem 5.5 in Q states that 

(2.7) index^ p [cr<p] = index^ (§, (p). 

In Section 1.4 of I1T8I , Ma and Zhang show that their APS-style defi¬ 
nition of geometric quantisation equals the above two indices as well (in 
cases where Z v is compact.) 

Braverman's index theorem (12.71) implies that the analytic index of Def¬ 
inition [2T5] has all properties of the topological index (12.6b . One of these 
is a multiplicativity property. Let N be a compact, connected Riemannian 
manifold, with a K-equivariant Clifford module £ N —) N. Denote the Clif¬ 
ford module on M by £ M for clarity, and let £mxn = £m S3 £ n —> M x N be 
the product Clifford module. In terms of the Clifford actions Cm : TM —> 
End(£ M ) and c N : TN —> End(£ N ), the Clifford action c Mx n : T(M x N) —> 
End(£ M xN) is defined by 


Cmxn(v,w) = c M (v) (8) 1 £n +y M o c n (w), 

for v G TM and w G TN, where y M is the grading operator on £ M - Let 
$ : M x N -> I* be the pullback of the taming map cp along the projection 
map to M. 
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Theorem 2.6. We have 

index^ 2 (£ MxN , 0) = index^ 2 (S M , cp) ® index K (£ N ) e £(K). 

Proof. Consider a function f e C°°(M), with pullback f to M x N. Let cr fqj 
be the Clifford action on M deformed by ftp as in (12.51) , and let ay* be the 
Clifford action on M x N deformed by ftp. Then equals the product, 
in the sense of Theorem 3.5 in jT]|, of the oy (|) and the Clifford action on N. 
Therefore, Theorem 3.5 in HTJ implies the claim. 

Alternatively, one can decompose the Spin c -Dirac operator D Mx n on 
M x N into the Dirac operators D M on M and D N on N as 

D M xn = 1 £n + y M <8)D N , 

and deduce from this that 

(Dmxn - V=Tc(fv*)) = (Dm - n/—T c(fcp)) 2 ® 1 e N + 1 g M ® Djy 

Since all squared operators are nonnegative, it follows that the L 2 -kernel 
of D Mx n — \f— Tc(fv^) equals 

ker L (d M xN — Tc(fv^) j = ker L2 (D m — \/^Tc(f(p)) ® ker(D N ). 

This includes the appropriate gradings, so the claim follows. □ 

We will define an equivariant index of Spin c -Dirac operators in Section 
|3j based on Braverman's index. In the last step of the proof of our main 
result, we will use facts from ||27f about the topological index defined in 
(12.6b . There, we will tacitly use the index theorem (12.71) . 

2.4 Cobordism invariance 

To define a meaningful notion of cobordism for noncompact manifolds, 
one has to include more information than just the manifolds themselves. 
(Otherwise any manifold M is cobordant to the empty set, through the 
cobordism M x [0,1 [.) Braverman defined a notion of cobordism that in¬ 
cludes taming maps. A fundamental, and very useful, property of his 
index is invariance under this version of cobordism. This will play a key 
role in our arguments in Subsection 15.21 


14 







Braverman's cobordism is defined in Definitions 3.2 and 3.5 in 0. Cobor- 
dism invariance of his index is Theorem 3.7 in 0. We will only need a 
special case of this cobordism invariance, where the two manifolds and 
Clifford modules in question are equal. This involves the notion of a ho- 
motopy of taming maps. 


Definition 2.7. Let qq, cp 2 : M —* £ be two taming maps. A homotopy of 
taming maps between cpi and cp 2 is a taming map cp : M. x [0,1] —» t, such 
that, for some ee ]0, \ l 

<Pl[0,e[ = <Pl ® 1 [0,e[> 


and 


<Pl]l-e,1] = <¥>2 <S> 1]1—e,1]• 


If such a homotopy exists, then cpi and cp 2 are called homotopic. 


Theorem 2.8 (Homotopy invariance). If two taming maps cpi and cp 2 are ho¬ 
motopic, then 

indexj^ (S, cpi) = indexj^ (S, cp 2 ). 


Proof. A homotopy of taming maps defines a cobordism in the sense of 
Definition 3.5 in 0. Therefore, the claim follows from Theorem 3.7 in 
0 . □ 

Remark 2.9. In Definition 12.71 it is essential that the map cp is taming, i.e. 
Z<p = 0. For example, the linear path between two taming maps need not 
be taming itself, so that certainly not all taming maps are homotopic. A 
large part of the work in Section [5| is to show that a certain path between 
two taming maps is in fact taming itself, so that it defines a homotopy of 
taming maps. 

While the only kind of cobordisms we will use directly are homotopies 
of taming maps, we will also need some consequences of cobordism in¬ 
variance of Braverman's index in the general sense of Section 3 of 0. One 
of these is the following vanishing result. 

Lemma 2.10. If Z v = 0, then 


index^ 2 (£, cp) = 0. 
Proof. See Lemma 3.12 in 0. 


□ 
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2.5 Non-complete manifolds 

In our localisation arguments, we will often consider an extension of the 
index of Definition 12.51 to non-complete manifolds. This can be defined 
using the following arguments, analogous to those in Section 4.2 of [[4]- 
First, let (U, g) be a Riemannian manifold, equipped with an isometric 
action by K, a K-equivariant Clifford module £ —> U, and a taming map cp. 
Suppose there is a K-invariant neighbourhood V of Z v , and a K-invariant, 
positive function x G C°°(U) K , such that xlv = 1, and U is complete in the 
Riemannian metric 

g x := x 2 9- 

If U is a K-invariant, relatively compact subset of a Riemannian manifold 
with an isometric action by K, and 3U is a smooth hypersurface, such a 
function can be constructed as in Section 4.2 of |4| . 

Then £ becomes a K-equivariant Clifford module over U, with respect 
to the Clifford action 

XC : TU —» End(£). 

This allows us to define the index 

(2.8) index* (£, cp, g x ) G ft(K), 

where the Riemannian metric was added to the notation to emphasise 
which one is used. 

Now let M, £ and cp be as before. In particular, M is complete. Us¬ 
ing cobordism invariance of Braverman's index, one obtains the following 
additivity and excision properties of the index. 

Proposition 2.11 (Additivity). Let L c M. be a relatively compact, K-invariant, 
smooth hyper surf ace, on which v <p does not vanish. Suppose Ui,U 2 C M are 
disjoint K-invariant open subsets such that 

M\I = lh UU 2 . 


Then 

index* (£, cp) = index* 2 (£| u ,, cp| Ul > gift,) + index* (£lu 2 , <Plu 2 , g \u 2 ), 

where, for) = 1,2, Xj is a function as above, so that Xj = 1 in a neighbourhood of 
Uj n Z<p, and Uj is complete in the metric , g|^.. 
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Proof. See Corollary 4.7 in |4|. 


□ 


Proposition 12.111 and Lemma 12.101 imply the following excision prop¬ 
erty of the index. 

Proposition 2.12 (Excision). Let LI' c M be a relatively compact, K-invariant 
neighbourhood of Z (p such that 3U' is a smooth hypersurface in M. Then 

index); 2 (£, <p) = index^(£| U ', <plu'» gift/), 

with x as above. 

One consequence of this excision property is that the index (12.81) is in¬ 
dependent of the function %■ Another is that the following definition is a 
well-defined extension of Definition 12.51 

Definition 2.13. Let (U, g) be a (possibly non-complete) Riemannian man¬ 
ifold, equipped with an isometric action by K, a K-equivariant Clifford 
module £ —> U, and a taming map cp. Let U' be a K-invariant, relatively 
compact open neighbourhood Z v , such that 3U' is a smooth hypersurface 
in U. Within U ', we can choose a function x as above. Then the equivariant 
L 1 -index of the pair (£, cp) is 

indexjf (£, cp) := index* (£| U ', <plu', gift/) e £(K). 

From now on, we will not assume manifolds to be complete, but apply 
Definition 12.131 where necessary. 


3 Spin c -Dirac operators and proper moment maps 

We now specialise to the case of Spin c -Dirac operators. In that setting, we 
define a generalisation of Braverman's index, for a natural class of maps 
cp, without assuming Z v to be compact. This assumption is replaced by 
properness of the Spin c -moment map defined in Subsection 13.21 In Sub¬ 
section 13.41 we state the main result of this paper, that this index of Spin c - 
Dirac operators decomposes into irreducible representations according to 
the quantisation commutes with reduction principle. 

As before, let M be a Riemannian manifold, on which a compact, con¬ 
nected Lie group K acts isometrically. From now on, we will suppose that 
M is even-dimensional. 
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3.1 Spin c -Dirac operators 

Suppose M has a K-equivariant Spin c -structure. (Then we will call M a 
K-equivariant Spin c -manifold.) By definition, this means that there is a 
Z 2 -graded, K-equivariant complex vector bundle S —> M, called the spinor 
bundle, and a K-equivariant isomorphism 


c : Cl(TM) End(S) 


of graded algebra bundles, where Cl(TM) is the complex Clifford bundle 
of TM. Then S is a K-equivariant Clifford module over M. The determinant 
line bundle associated to the spinor bundle S is the line bundle 

L := Hom C i(TM) S) —> M, 


where S —> M is the vector bundle S, with the opposite complex structure. 
See e.g. Appendix D of |0 or Appendix D of Ifl6ll for more details on Spin c - 
structures. 

Locally, on small enough open subsets U of M, one has 
(3.1) Slu^So^LI^ 2 , 

where Sq —> U is the spinor bundle of a local Spin-structure. The Levi- 
Civita connection on Til induces a connection V s ° on Sq . Fix a K-invariant 
Hermitian connection V L on L. Together with V s °, this induces a connec¬ 
tion V s|u on S|u, via the decomposition (13.11) : 

V s|u := V s ° <g) 1 T ,i/2 + l§u (g) V L| u 2 . 

L| u °0 


Here V L| u is the connection on L|y" induced by V L . These local con¬ 
nections combine to a globally well-defined connection V s on S (see e.g. 
Proposition D.ll in |[T6l ). 

The Spin c -Dz'rac operator associated to V L is the operator D on r°°(S) 
defined as in (I2.1|) , with £ replaced by S, and V £ by V s . 


3.2 Moment maps 

An important role will be played by the Spin c -moment map associated 
to the connection V L on L chosen in Subsection 13.11 This generalises the 
moment map in symplectic geometry. 
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In this subsection only, we consider a more general situation. Let L —> 
M be any K-equivariant line bundle, and let V L be any K-invariant con¬ 
nection on L. For any element X 6 t, we denote the induced vector field 
on M by X M , i.e. 


(3.2) 


y m _d 

Xm - dt 


exp(—tX) • m, 

t=o 


for all m G M. In addition, for any K-equivariant vector bundle E —> M, 
and any X 6 t, we write f°r the Lie derivative of smooth sections of E 
with respect to X. 

Definition 3.1. The moment map associated to V L is the map 


p : M -> r 


defined by 

2\/=Tp x =4- V^m G End(L) = C°°(M, C), 

for all X G L Here p x G C°°(M) is the pairing of p and X. 

If L is the determinant line bundle of a K-equivariant Spin c -structure, 
then p is called a Spin c -moment map. 

One can compute that for all X G t, 

(3.3) 2v /z Tdp x = R vL (X' v \-), 

where R yL is the curvature of V L (see e.g. Lemma 2.2 in flTTlD . This implies 
that p is a moment map in the usual symplectic sense if the closed two- 
form R yL is nondegenerate. A direct consequence of (13.31) is the following 
important property of moment maps. 

Lemma 3.2. Let H < K be a Lie subgroup, with Lie algebra f). Then the composi¬ 
tion of a moment map p with the restriction map from t* to fi* is locally constant 
on the fixed point set M H . 

Fix an Ad(K)-invariant inner product on f. From now on, we will use 
this to identify t* = t, and in particular view p as a map to L Then we 
have the vector field v u on M, defined as in (12.41) . Suppose that p is proper. 
We will see in Proposition 15.11 that a taming moment map can always be 
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replaced by a proper one, without changing the resulting index. Therefore, 
assuming p to be proper is a weaker assumption than assuming g to be 
taming. Because p is proper, the set c M where vanishes can be 
decomposed in a way that allows us to define an suitable index of Spin c - 
Dirac operators. 

LetT < K be a maximal torus, with Lie algebra t. Let t;c t* be a choice 
of closed positive Weyl chamber. 

Lemma 3.3. There is a subset F c t* such that 

Z n = U K ' (M a n p _1 (a)), 

aer 

and for all R > 0, there are finitely many a e F with ||cx|| < R. 

Note that the sets K ■ (M“ n p _1 (a)) are compact by properness of p. 

Proof. Consider the subset Y := p _1 (LjJ C M. Then K • Y = M. Since is 
K-invariant, we have Z^ = K ■ (Z^ fl Y). And because p(Y) C t*, 

Z H nY = ljY H np- 1 (f)), 

H 

where H runs over the stabilisers of the action by T on Y. 

Fix R > 0. By properness of p, the set 

Y r :={me Y;||p(m)|| < R} 

is relatively compact. Hence the action by T on Y R has finitely many sta¬ 
bilisers Hi,..., H kR . Now 

Z,FlY R = ljY^np- 1 (f, j ). 

j=1 

Because of Lemma 13.21 the map p is locally constant on the sets M H i n 
p 1 (Fjj), hence also on their subsets Y^ n p —1 (f?j)- For a connected com¬ 
ponent F of yJj 1 ’ fl p _1 let op e (ij fl t+ be single value of p on F. Such 
an element a F is a weight of the action by Hj on L| F , and hence lies on an 
integral lattice. Therefore, for fixed ), the set 

H i 

r R,j == {(Xp, F ci connected component of Y^np 
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is finite. So the set 


ICr 

r« := U r *o 

j=1 

is finite as well. The claim follows, with 

r := U r R . 

R>0 

□ 

The equality (2.16) in |25| is a symplectic version of this lemma. In 
the compact case, see Lemma 3.15 in |14| for symplectic manifolds, and 
Lemma 2.9 in |27| for Spin c -manifolds. 

3.3 The index for proper moment maps 

We now return to the situation of Subsection 13.11 where L —* M is the 
determinant line bundle of a K-equivariant Spin c -structure. Let p be the 
Spin c -moment map associated to the chosen connection V L on L. Suppose 
p is proper. 

We will use Lemma 13.31 to define an equivariant index of Spin c -Dirac 
operators, for proper moment maps. As in Lemma l33l write 

Z^= |J K - (M«n^(a)). 

aer 

For every a G F, let be a K-invariant neighbourhood of K- (M“ np ’(a)). 
We choose these neighbourhoods so small that U a D Up = 0 if a ^ (3, and 

(3.4) ||p(U*)|| C ] ||cx|| - 1, ||k|| + 1 [. 

The definition of our index is based on the following vanishing result. 
For V e 6(K) and Tt e K, we will denote the multiplicity of n in V by 
[V : 7t]. 

Theorem 3.4 (Vanishing). For every irreducible representation n G R, there is 
a constant C n > 0 such that for every even-dimensional K-equivariant Spin c - 
manifold U, with spinor bundle S —> U and taming moment map p, one has 

[index^ (S, p) : 7t] =0 
zy||p(m)|| > C n for all m e U. 
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In this theorem, index]; (S, p) is defined as in Definition 12.131 since U 
may not be complete. This result will be proved in Section |U 

Since p is proper, the set Z [L n U a is compact for all <x. Hence the index 

index]; 2 (S| u<x , plu«) e ft(K) 

is well-defined as in Definition 12.131 Applying Theorem 13.41 to the open 
sets U a C M, we find that only finitely many of these indices contribute to 
the multiplicity of any given irreducible representation. 

Corollary 3.5. Let n G R be any irreducible representation. Then for all but 
finitely many oc G F, we have 

[index]; 2 (S| Ua , pluj : vr] = 0. 

Proof. For 7tG K, let > 0 be as in Theorem 13.41 By Lemma l33l there are 
only finitely many a. G F with ||a|| < Ctt + 1. For all other a G F, one has 
|| p|| > C n on U a by (l3~4b , so 

[index};"(S| Ua , plu a ) : vr] = 0. 


□ 

Corollary 13.51 allows us to generalise Braverman's index of Definitions 
12.51 and 12.131 in the following way, for Spin c -Dirac operators and proper 
moment maps. 

Definition 3.6. The equivariant L 1 -index of the pair (S, p) is 

indexes, p) := index]; 2 (§| Ug , p| u J. e ft(K). 

aGF 

Proposition ^. 12l implies that this definition is independent of the choice 
of the sets li a . In addition, that proposition shows that Definition 13.61 re- 
duces to Definition 12.131 if p is taming, and hence to Definition 12.51 if M is 
also complete. 

Remark 3.7. Because we are dealing with Spin c -Dirac operators here, the 
deformed Dirac operator D M used to define the index in Definition 13.61 can 
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be obtained as an undeformed Dirac operator for a different choice of con¬ 
nection on L. Indeed, Let V L be another K-invariant, Hermitian connection 
on L. Write 

V L = V L -v 73 !a, 

for a K-invariant one-form oc E O 1 (M) K . The resulting Spin c -Dirac opera¬ 
tor D then equals 

D = D — V^Tc(cx). 

Taking a to be the one-form dual to the vector field W, we get D = D u . 
This will indirectly play a role in Subsection 15.11 

Remark 3.8. In the symplectic setting, the ways geometric quantisation 
for proper moment maps was defined in Ifl8l [25 1, are related to the way 
we generalised Definition 12.51 to Definition 13.61 in the Spin c -case. In [18l 
[251 , the symplectic manifold to be quantised was broken up into relevant 
pieces, on which an equivariant index could be applied. In Ifl8l , an APS- 
type index was used, whereas in Il25l , an index of transversally elliptic 
symbols was used. The comments in Subsection |Z3] imply that Definition 
13.61 reduces to the definitions of quantisation in Ifl8l [25 1 in the symplectic 
case, modulo a shift in the line bundle used. 

3.4 Quantisation commutes with reduction: the main re¬ 
sult 

The main result in this paper is Theorem 13.101 which states that the in¬ 
dex in Definition 13.61 satisfies the quantisation commutes with reduction 
principle. This allows one to determine its decomposition into irreducible 
representations in a geometric way. Therefore, we will regard the index as 
the Spin c -quantisation of (M, p), as in lfTTl[27l, and write 

Q S K Pm (M, p) := indexes, p). 

This is a slight abuse of notation, because this index depends on the Spin c ~ 
structure on M (and possibly not just on the determinant line bundle used 
to define p). But in what follows, it will usually be clear which Spin c - 
structure is used. 

We start with a vanishing result. For any subalgebra f) C t, let (6) be its 
conjugacy class. Set 
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Let (f' vl ) be the conjugacy class of the generic (i.e. minimal) infinitesimal 
stabiliser of the action by K on M. In the symplectic case, there is always a 
conjugacy class (f)) 6 !K e such that ([t M , t M ]) = ([f), fj]) (see Remark 3.12 in 
|fl7j|). In the Spin c -case, existence of such a class is a necessary condition 
for Qf n (M, p) to be nonzero. 

Theorem 3.9. If there is no (fj) G tK t such that = ([t),f)]), then 

Q S K pinC (M,p)=0. 

This result will be proved in Subsection 16.21 From now on, suppose 
(f)) G df { is given such that = ([[), fj]). 

To state Theorem l3.10[ recall that we chose a maximal torus T < K, with 
Lie algebra let, and a (closed) positive Weyl chamber t* C t*. Let R be 
the set of roots of (fee* tc)/ and let R + be the set of positive roots with respect 
to t*. Set 

1 v - 

P := 2 2_ a - 

agR+ 

Let 5" be the set of relative interiors of faces of t* . Then 

t; = U 

a disjoint union. For (JGl, let t a be the infinitesimal stabiliser of a point 
in o'. Write 

(3.5) J(f)j := {a G?;(y = ([))}. 

For such a a, let R ff be the set of roots of ((t CT )c, tc) / and let R+ := R ff fi R + . 
Set 

1 

Pa := 2 2 — a - 

ocGRJ 

Note that if o is the interior of t*, then p () - = 0. 

Let A + C it* be the set of dominant integral weights, and set A reg := 
A + + p. In the Spin c -setting, it is natural to parametrise the irreducible rep¬ 
resentations by their infinitesimal characters, rather than by their highest 
weights. For A G A+ g , let 7i A be the irreducible representation of K with 
infinitesimal character A, i.e. with highest weight A — p. Then one has, for 
such A, 

Q s r , (K.A)=7i„ 
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see Lemma 4.1 in H26I1 . 

For £, G it*, we write My := My t . The Spin c -quantisation Q SpinC (My) 
of such a reduced space, for the values £, of p we will need, is defined in 
Section 5.3 of |27|. This definition also applies to singular values of p. It 
involves realising My as a reduced space Y n for the action by an Abelian 
group A on a submanifold Y of M. Then one uses the fact that, since A is 
Abelian, the reduced space Y^ is a Spin c -orbifold for generic £ e (a Y )" L . 
Hence its quantisation Q SpmL (Y n+e ) is well-defined as the index of a Spin c - 
Dirac operator, and turns out to be independent of small enough e (see 
Theorem 5.4 in |27|). One sets Q Spm< (My) := Q Spir>c (Y n+e ), for generic and 
small enough £. 

Our main result is the following. 

Theorem 3.10 (Quantisation commutes with reduction). Let K be a compact, 
connected Lie group, and let M bean even-dimensional, connected, K-equivariant 
Spin c -manifold. Let \ibea Spin c -moment map, and suppose it is proper. Suppose 
that there is an element £, e t such that t] := ty satisfies ([fj, 1)]) = 

Then 

Qk P ” ( M > M-) = © m A7tA, 

AGA r + es 

with iua e Z given by 

(3.6) m A = ^ Q SpinC ( M A^pJ. 

creS^tf)) s.t. 

A—PctGct 


Here T(f)) is as in (13.5b . 

Theorem 13.101 will be proved in Section [6j 

If the generic stabiliser (T' V1 ) is Abelian, Theorem 13.101 simplifies consid¬ 
erably. This occurs in particular if phas a regular value, since then t M = {0} 
(see Lemma 2.4 in IfTTl L 

Corollary 3.11. In the setting of Theorem \3.10\ if (f M ) is Abelian, then for all 
AGA r + eg , 

m A = Q SpinC (M A ). 

Proof If one takes 6 = t in Theorem 13.101 then T(f)) only contains the inte¬ 
rior of t* K Hence p ff = 0, for the single element a e SF(f)). □ 
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An even more special case occurs if p is a regular value of \i, and one 
only considers the multiplicity of the trivial representation. 

Corollary 3.12. If p is a regular value of \x, then 

Q s K pinC (M, q) K = Q SpinC (M p ). 


Proof If p. has a regular value, then = {0}. Since 7t p is the trivial repre¬ 
sentation, the claim follows from Corollary 13.1 11 □ 

Theorem 13.101 is an analogue in the more general Spin c -setting of the 
main result in fl8l for symplectic manifolds, also proved in Ii25ll . At the 
same time, it generalises the result in 11271 from compact manifolds to 
proper moment maps. This development fits into a long tradition of quan¬ 
tisation commutes with reduction results, which started with Guillemin 
and Sternberg's seminal paper J7]] for compact Kahler manifolds. Results 
for compact symplectic manifolds were proved in ll2Tll22ll23 l!29l. In Ifl3ll , 
we use arguments like the ones in this paper to give a short proof of the 
symplectic version of Theorem 13.101 


Example 3.13. In Theorem 4.1 in [1241 , Paradan proved a version of The¬ 
orem 13.101 where the Spin c -structure is associated to an almost complex 
structure, \x is a taming moment map in the symplectic sense, the stabilis¬ 
ers of the action are Abelian, and an additional assumption holds. As¬ 
sumption 3.6 in |24|. (Compared to Theorem 13.101 Theorem 4.1 in [24| in¬ 
cludes a sign to account for the possibly different orientations induced by 
the almost complex structure and the symplectic form.) This Assumption 
3.6 allows Paradan to prove the shifting trick, as in (16.2[) . in his context, via 
a homotopy argument (see Proposition 3.7 in ||24f). In the present paper, 
the required generalisation of the shifting trick follows from a multiplica- 
tivity result for the index. Theorem l3.14l below. The proof of this result in 
Section [5j is based on a different kind of homotopy argument, without the 
need for the assumption in H24j . 

Paradan applied his result to the interesting case of coadjoint orbits 
parametrising discrete series representations of semisimple Lie groups. 
Suppose G is a connected, semisimple Lie group with discrete series, let 
K < G be maximal compact, and let T < K be a maximal torus. Let 7t(j be 
the discrete series representation of G with infinitesimal character v e it*. 
Consider the coadjoint orbit G ■ v. The positive root system for (g c , tc) of 
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roots with positive inner products with v determines a G-invariant com¬ 
plex structure on G ■ v = G/T. For noncompact G, this is not compatible 
with the Kirillov-Kostant-Souriau symplectic form cu v on G ■ v, so that 
one cannot apply the results in lfT8l[25l in the symplectic case to the action 
by K on G • v. Instead, one can use a G-equivariant Spin c -structure whose 
determinant line bundle has first Chern class [2co v ]. 

In Section 5.3 of ||24| , Paradan shows that Assumption 3.6 in that pa¬ 
per is satisfied in this example. Therefore, Theorem 4.1 in Il24l applies. 
We can now also directly apply Theorem 13.101 without the need to check 
Assumption 3.6 in Ii24l . In any case, the result is that 

^Ik = ® Q SpinC ((G ■ v) A )7l£. 

A€A r + es 

Here for clarity, we write 7t A := 7i A . See Proposition 5.2 in |24| . The realisa¬ 
tion of 7T^ |k as the Spin c -quantisation of G • v is Theorem 5.1 in ||24l . 

3.5 Multiplicativity of the index 

As in the symplectic case Ifl8l[25| , the main difficulty in proving Theorem 
B.lOl is to establish a generalisation of the shifting trick. In this subsection, 
we state a multiplicativity property. Theorem 13.141 of the index of Defini¬ 
tion 13.61 That will imply the version of the shifting trick we need in the 
present context, the equality (16.2b . 

Let N be a compact, connected, even-dimensional, K-equivariant Spin c - 
manifold, with spinor bundle S N —■* N and moment map p N : N — * t*. For 
clarity, we denote the spinor bundle § on M by Sm, and the moment map 
p on M by p M in this setting. Let Pm and p N be the pullbacks of Pm and 
Pn to M x N, along the two projection maps. Then 

M-mxn := Pm + Pn : M x N —) F 

is a Spin c -moment map for the diagonal action by K on M x N, for the 
spinor bundle Smxn := Sm S3 §n- It is proper, because N is compact. Com¬ 
pactness of N also implies that the equivariant index 

index K (S N ) G R(K) 

of the Spin c -Dirac operator on N is well-defined by (12.31) in the usual way, 
and equals the index of Definition l2.51 for any taming map. Since index K fS N ) 
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is finite-dimensional, the tensor product 


indexjf (S M , p M ) ® index K (S N ) e ft(K) 


is well-defined. 

The index of Definition 13.61 is multiplicative in the following sense. 
Theorem 3.14 (Multiplicativity). We have 

(3.7) indexjf (S MxN , ^mxn) = indexjf (S M , p M ) <g> index K (S N ) e 6(K). 

This result will be proved in Section [5j 

Remark 3.15. While superficially similar. Theorem 13.141 is considerably 
harder to prove than the multiplicativity property of the index in Theo¬ 
rem |Z6j This due to the term p N in p MxN = ft M + P-n- Theorem 12 . 61 will be 
used in the proof of Theorem 13 .141 


4 Vanishing multiplicities 

We will give an analytic proof of Theorem 13.41 by showing that certain 
deformed Dirac operators are positive on relevant spaces of sections. Two 
ingredients of the proof are a deformation of the moment map p, discussed 
in Subsection 14.21 and an estimate for harmonic oscillator-type operators 
in Subsection 14.61 

In Sub sections 14 .H - l4hl we will consider a K-equivariant Spin c -manifold 
M, with spinor bundle S —> M, and determinant line bundle L —> M. 
We also fix a K-invariant Hermitian connection V L on L, which induces a 
Spin c -Dirac operator D on S as in Subsection [3} and a moment map p : 
M —■» t* as in Definition 13.11 

4.1 The square of a deformed Dirac operator 

We will use an auxiliary real parameter T G M, and consider the deformed 
Dirac operator 

D Tkl = D - v/=TTcK). 
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Using (12.21 ) . one can compute that 


dimM 

(4.1) = D 2 - c(ej)c(V™v^ + 2v /= lTV^ + T 2 ||v^|| 2 , 

j=i 

in terms of a local orthonormal frame {ei,..., eaimivi} of TM. 

Fix m G Z H , and suppose a := p(m) G t+. Then m G /VUfip -1 (a). In the 
remainder of this section, we will identify t* with t’ via the Ad(K)-invariant 
inner product chosen earlier. In this way, we consider a as an element of I, 
and p as a map from M to L Let a M be the vector field defined as in (13.2b . 
The difference between the vector fields a M and W is that a M is induced 
by the fixed element a G I, while for m' G M, the tangent vector W, is 
induced by the element p(m') G f, depending on m/. These vector fields 
are equal at the point m, but not at other points in general. 

We will need to consider more general maps from M to t than just p in 
the first estimate. Let cp : M —> f be any equivariant map. Then we will 
write for the operator on r°°(S) defined by 

(4.2) (£®s)(m') = 
for all m' G M and s G r°°(S). 

Lemma 4.1. Suppose cp(m) = a. Then for every e > 0, there is a neighbourhood 
U m of m in M, such that we have the inequality 


V=T(v* v -/:J) 



V=T 

4 


dim M. 

Y_ c(ej)c(V™a M ) 


< £. 


3=1 

when restricted to smooth sections of S with compact supports inside U m . 
Proof Because of the local decomposition (13.11) , 

'GT(V*„-£|) =h„ + AI^c(ej) c (V™<x M ). 

Let e > 0 be given. At m, we have 

Pa(m) = || cx|| 2 . 
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So in a small enough neighbourhood U m of m, we have 

|p« - ||a|| 2 | < e/2. 

Furthermore, the vector bundle endomorphism V^m — depends contin¬ 
uously on X 6 t. So by choosing U m small enough, we can ensure that 







< e/2. 


on U m . The claim follows. 


□ 


4.2 Deforming moment maps 

In the expression (14.11) for the squared operator D 2 , the operator 


dim M 

Y_ c(ej)c(V™v^ L ) 

j=i 

occurs. To compare this operator to the operator 

dim M 

Y_ c( ej )c(V™cX M ) 

j=1 

in Lemma 14.11 we use a local deformation of the moment map p. This is 
a new addition to Tian and Zhang's analytic approach in the symplectic 
case Il29ll . 

For the point a G t, one can choose a K a -invariant open subset Z C t a 
containing a, such that the map 

K Xk„ Z —> K • Z 
[b, £J h-> k • £,, 

for k G K and £, e Z, is a diffeomorphism. 

One can show that T m p(T m M) + = t, so that, for Z small enough, 

Y := gr 1 (Z) is a smooth submanifold of M. Since p is equivariant, Y is 
K a -invariant. Furthermore, we have an equivariant diffeomorphism 

(4.3) Kx Ka Y-)W:=K'Y 
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onto an K-invariant open neighbourhood W of m. 

Let T a < K a be the torus generated by a, and let t a be its Lie algebra. 
Let f| be the orthogonal complement to t“ in t a , and let p t « and p h be the 
projections of p|y to t a and t), respectively. For t G ]0,1], define the map 
By : Y -> t a by 

By := pt« +tp(,. 

Because t“ is in the centre of the decomposition £ a = t a © f) is K a - 
invariant. So both components pt« and p h of p|y are K a -equivariant. There¬ 
fore, py extends K-equivariantly to a map 

p 1 : W —> L 

In particular, p 1 = p| w . We denote by W* the vector field on W induced by 
B*- 

Lemma 4.2. We can choose the set Z, and hence the sets Y and W, such that the 
vector field has the same zeroes for all tG ]0,1]. 

Proof By K-invariance of v^, it is enough to show that the set of zeroes of 
v^|y is independent of tG ]0,1], for Y small enough. 

To see that this is true, first note that for all m' G Y n M“, we have 


so 

|yoM“ = tV^lYnM") 

which has the same zeroes for all nonzero t. 

Next, consider the set Y D (M \ M“). By choosing Z, and hence Y by 
properness of p, to be relatively compact, we can ensure that the action 
by K a on Y only has finitely many infinitesimal stabiliser types. Each of 
these stabiliser types defines a closed subset of f a , which does not contain 
a. Therefore, there is a 6 > 0 such that for all X G with ||X — ct|| <6 and 
all m/ G Yn (M \ M“), we have ^ 0. Choose Z so that all elements 
of Z lie within a distance 5 of a. Then for allm/ G Yfl(M\M“) and any 
tG ]0,1], 

Hp^m/) — a|| 2 = Upturn/) — a|| 2 + t 2 ||p f ,(m , )|| 2 

< ||p t «(m') — a|| 2 + ||p l1 (m/)|| 2 = Uplm') — a|| 2 < 6 2 . 

Hence v^, ^ 0 for any tG ]0,1]. □ 
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Because the vector field has the same set of zeroes for all te ]0,1], 
Theorem 12.81 implies that for all such t, if W D is compact, 

(4.4) index*' (S| w , yf = index*' (S| w , p| w ). 


4.3 An estimate for deformed moment maps 

The reason for introducing the deformation p l of p| w in Subsection 14.21 is 
the following estimate. 

Lemma 4.3. For any e > 0, there is a 8e ]0,1] such that for all te ]0,6] and any 
orthonormal basis {h,..., f dimY } o/T m Y, one has at m. 


(4.5) 


dimM 


dim Y 


Y_ c(e j )c(V™v‘‘’) - Y. c(fi)c(V™a M ) 

j=1 j=1 


< e. 


Proof. We use the decomposition 


T m M = T m Y©^. 


Note that for all X e t and for all t, torsion-freeness of the Levi-Civita 
connection implies that 

V™v^ = V™X M - 

Because is zero at m, and K-equivariant, the right hand side of this 
equality vanishes at m. So 

(4.6) (Vj?V) ra =0. 

Let {fi ,..., fdim m.} be an orthonormal basis of T m M such that fj e T m Y if 
j < dim Y, and fj e ^ if j > dim Y. Then (14.61) implies that for all j > dim Y 

(v™vq ra =o. 

Since the operator 

dim M 

Y_ c(ej)c(V™v^) 

H 
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is independent of the frame {ei,..., e dim M ), we find that at m, it equals 

dim Y 

(4.7) ^c(f j )c((V™v^ t ) m ). 

j=i 

Next, let {X],..., X dimta } be an orthonormal basis of t a , such that X k e 
t a if k < dim t a , and X k E ti if k > dim t“. For every k, set 

f4 := bx> GC°°(Y). 

Since g* (Y) C t a , we have 


dimta 

q t | Y = Y_ bkXk- 

k=1 

Also note that Y is K a -invariant, so Xj^| Y = X k for all k. Therefore, for all j, 

dimtcc 

Y_ (bU™)(V™X£) m + fj(p£)(m)(X£) m ) . 

k=1 

We find that (14.71) equals 

dimY dimt'a 

(4.8) Y_ c(fj)c((Vj^a Y ) m ) + Y_ c (g rad m bl)c((X^ m ). 

j=l k=1 

To bound the second term in (14.81) , note that for k < dim t a , we have 
(X k ) m = 0, and for k > dimt a , 

bk( m ) =tq Xk (Tu). 

Let e > 0. If we choose 5 g ]0,1] such that 

dim{ a 

6 Y_ llgrad m q Xk || • ||(X k ) m || < e, 

k=dimt“+l 

then we see that (14.51) holds for all t£ ]0, 6], at the point m. □ 

Remark 4.4. If K is a torus, then K a = K, so that Y = W is an open neigh¬ 
bourhood of m in M. This simplifies the arguments in this subsection. 
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4.4 Vector fields and Lie derivatives 

At several points, we will use a convenient local expression for vector 
fields around their zeroes. 

Lemma 4.5. Let v G X(M) be a vector field. Let m G M such that v m = 0. 
Then there are a i,..., adim M > 0, there is an orthogonal automorphism J o/TM, 
defined near m, and there is a local orthonormal frame {ei,..., edimM} of TM 
near m, such that in the normal coordinates y = (yi,...,ydim m) associated to 
the corresponding basis of T m M, 

dim M 

(4-9) v y = Y_ aj-yjej + 0(||y|| 2 ). 

j=i 

Proof Let {f l5 ..., fdimM} be any local orthonormal frame of TM near m. 
Let x = (xi,..., Xdim m ) T (viewed as a column vector) be the normal coor¬ 
dinates associated to the basis {(fi ) m ,..., (fdim/vOm} of T m M. Since v m = 0, 
there are bjk e M such that 


dim M 

v x = Y_ b jk Xjf k + 0(||x|| 2 ). 

j,k=i 


Let B be the matrix with elements (bj k )- i | c T ;1 M . Write 

B = v^B^BU, 


for U G 0(dim M), and 

a/b^B = WD q W t , 
for W G SO (dim M), and for a diagonal matrix 

D a . diagf Q-i, . . . , Q-dim m) ) 

with each of the entries <y nonnegative. For any vector u G M' 1 , and any 
set of vectors w = (wi,..., w n ) G M n , we write 

n 

uw := ^ UjWj G M n . 

j=i 


34 



Then 


dim M 

Y bjkXjfk = * T Bf 

i,k=i 

= x T WD Q W T Uf 
= (W T Ux) T (W T UW)D Q W T Uf. 

Set ej := W T Ufj. The normal coordinates associated to the basis 

{(ci) m> • • • > (SdimJvOm} 

of T m M are y := WU T x. Hence one obtains (14.91) by defining J := W T UW. 

□ 


If V is any real vector space, and B G End(V), then we write 

|B| := V&B. 

Lemma 4.6. In the setting of Lemma \4.5\ the Lie derivative 

£ T m M e End(T m M) 


satisfies 

dim M 

tr|£j mM | = Y_ a v 
j=i 

Proof In the situation of Lemma [4~5l one can compute that the Lie deriva¬ 
tive operator on T m M equals 

dim M 

£ i m M = _ ajj(e,) m <g) (e*) m , 
j=i 

where e* is the one-from dual to ej. So with respect to the basis {(ei ) m ,..., (edi m jvi)m} 
of TmM, the map has matrix 

mat£^ M = -mat(J)D Q , 

where, as before, D a is the diagonal matrix with entries {cy,..., a dimM }. 

Hence mat = D a . □ 
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4.5 A local estimate 


Lemma l4~6l in particular yields an expression for the trace tr |£^ mM | in terms 
of the local expression in Lemma H3I of the vector field a M . This allows us 
to prove the following estimate. 

Lemma 4.7. At m, we have 


dim M 


Y_ c(ej)c(V 


™cx M l 


j=1 


< tr \L 


Mi 


Proof. Write 

dim M 

<*m = Y- a jyjJ e j + °niyll 2 ) 

i=i 

as in Lemma 14.51 Since the Christoffel symbols of V™ in the coordinates 
y vanish at m, we have for all j. 


(V]" aM ) m = a idCj)m. 

Thus, Lemma 1461 implies that at m, 

dim M 

< Y_ a i = tr |L« mM 
i=i 


dim M 

L 

i=i 


c(ej)c(V™a M ] 


dim M 

L 

i=l 




aw e. 


□ 


Lemma 4.8. For all e > 0, there is a neighbourhood U m of m, and a constant 
5 > 0, such that, when restricted to smooth sections with compact supports inside 
U m/ we have for all te ]0, 5], 

D^ t - > T ^2|| a|| 2 - j tr |£^ M | - ^ + D 2 + T 2 ||v^ || 2 . 

Proof Let e > 0 be given. By (14.1)1 and Lemma 14.11 applied with cp = p 1 , 
we can choose U m so small that on U m , 

D 2 ^ - 2T\/=LCjt > D 2 + T 2 ||v^|| 2 + 2T||a|| 2 

dim M. i —dim M 

-V^\T Y_ c(e j )c(V™v^ t ) + ^— Y_ c(ej)c(V™a M ) — eT/2. 

j=i j=i 
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By Lemma l4~3l there is a 6e ]0,1] such that for all te JO, 6], at m, 

dim M dim Y 

-v 73 ! Y_ c(ej)c(V™v^) > -v/=T Y_ c(f j )c(V™a M ) - e/2, 

l=i l=i 

for any orthonormal basis {fi ,..., fdimY} of T m Y. Extending this to an or¬ 
thonormal basis {fi ,..., fdimM} of T m M, such that 

fj e ti = 

for dim Y < j < dim M, and noting that the operator M c(ej )c( V™a M ) 
is independent of the local orthonormal frame {ei,..., Cd im m], we find that, 
at m, 

(4.10) 

dim M ) —T - dim M 

— \f—\ Y c(ej)c(V™v^) + ~y~ c(ej)c(V™a M ) 

l=i l=i 

j —y di m Y /—t dim M 

>-Y_^ c( f. ]c (V™a M ) + Y_ Y_ c(fj)c(V™ oc M ) — e/2. 

j=1 j=dim Y+1 

By applying Lemma 14771 to Y and K/K a , we find that the latter expression 
is at least equal to 

-j tr |£ YmY | - j tr l-C^I - e/2 = ~ tr |£ YmM | - e/2. 

This completes the proof. □ 

4.6 Harmonic oscillator 

Let us define an operator 

(4.11) K T)t = D 2 — T tr |£ Y - t M | + T 2 ||v^ || 2 . 

It can be bounded below as follows. 

Lemma 4.9. For any e > 0, there is a neighbourhood U m of m, and a constant 
C > 0, such that for all te ]0,1], on sections supported in U m/ 

K T)t > -C - Te. 
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Proof. By Lemma 14.51 we can write 


dim M 

v" 1 = Y. V't’-JJep 

j=i 


near m, where, for all j. 


tyt,y) = 04 (t)-y j + Tj(t,y), 


for smooth functions ty and r } , such that a, is nonnegative, and 

r j (t,i,) = 0(||r J || 2 ). 

We will write hi := hj (t, —) and r| := y (t, —Then 

dim M dim M 

||v^|| 2 = Y_ and tr|£ v T - M | = Y_ 

j=i j=i 

Analogously to (2.17) in [f29|, consider the nonnegative operator 

dim M 

(4.12) := Y_ ((V*)* + T-h}) (v* +T-h*). 

3=1 

By a straightforward computation, we have 


dim M 

(4.13) A T)t = A-Ttr|£^ t M | +T 2 ||v^|| 2 + T Y_ (v* 

3=1 V 


(V*)*) h *-Te,(r*). 


Here A := M (\7f.) *\7f. is the Bochner Laplacian. By the Bochner for¬ 

mula (see e.g. Theorem D.12 in HT6fl ), the difference A — D 2 is a vector 
bundle endomorphism of S. So is the operator < + «)*• 

Let e > 0 be given. Note that ly (t, m) = 0 for all t and j, and that 
hj (t, y ) depends smoothly on t, and extends smoothly to t e M. Therefore, 
we can choose U m so small that for all t in the compact interval [0,1], we 
have on U m , 


dim M 

L (v*+(vf,)')h* 


3=1 


< e/2. 


38 






Similarly, ej(r-)(y) = 0(||q||), and this function is smooth in t. This allows 
us to choose U m small enough so that for all t e [0,1], we have 


|ej(rf)| < e/2. 

With U m chosen in this way, one has the desired lower bound for Kj,t- □ 

In addition, we have the following estimate for the middle term tr |£ Tm t M 
in KU\ . 

Lemma 4.10. For all e > 0, there is a 8 > 0, such that for all te ]0, 5], we have 


tr |£^ t M | > tr — e 


Proof. For all X £ 1 and for all t, K-invariance of the vector field v M ' implies 
that 

£ V ^X M = -£ x v^ = 0. 

Thus, tr |£ T ™ t M | = tr |£ Y ™ t Y | and it is enough to prove the inequality on the 
slice Y. 

Let e > 0 be given. Recall that 

I^Iy = Ht« +tp,,. 

Accordingly, 

| Y = W‘“ + tW h . 

Since tr |£ T ™ t Y | depends continuously on t, there is a 6 e ]0,1] such that for 
all te ]0, 6], 

tr |£^ t Y | > tr |£jf Y | - e. 

It remains to compare tr |£ Y u lY | with tr £T' ,lY |. Let us write 


dimt“ 

My) = a+ Y_ M + °0MI 2 )> 

i=i 


for coordinates y on Y near m, and X],..., X dimY € t“. Since (X Y ) m = 0 for 
such Xj, one has that 


dim Y 


(x Y ) y = Y- c fVi + o(IIdII 2 ), 

k,l=l 
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for certain numbers cj d , and for a local orthonormal frame (ei,..., Cdim y; 
of 7Y. It follows that 

V$“ -cxj = 0(||yII 2 ). 

Therefore, Lemma l4~6l implies that 

h | = tr \L j ™ y \. 

Hence the claim follows. □ 

In |27|. a function d on plays an important role. We will now see 
this function appear in our estimates as well. It is defined by 

(4.14) d(m') := |||x(m')|| 2 + ^ tr |£^^| - ^ tr | ad(p(m'))|, 

for m/ G Z^. It is locally constant by Lemma 4.16 in |27| . Furthermore, we 
note for later use that there is a constant C K > 0, independent of M or g, 
such that for all m/ G Z Ll , 

(4.15) d(m') > ||p(m')|| 2 - C K ||n.(m , )||. 

The precise value of C K is not important for our arguments, but to be spe¬ 
cific we can take C K := 2||p|| (see e.g. the comment above Lemma 3.10 in 

EI). 

Proposition 4.11. For all e > 0, there is a neighbourhood U m of m, and con¬ 
stants 6 > 0 and C > 0, such that, when restricted to smooth sections with 
compact supports inside U m , we have for all te ]0,6], 

Dy - 2T > T(2d(m) - e) - C. 

Proof By combining Lemmas l4.9l and r4.101 we find that for U m small enough, 
and for a 6 G ]0,1] and a C > 0, we have for all t G ]0, 6], on sections sup¬ 
ported in U m , 

D 2 + T 2 ||v^ || 2 > T • (tr |£^Y| _ e /2) - C. 

So by Lemma 14.81 we can choose U m and 6 G ]0,1] so small that for all 
tG ]0, 6], on sections supported in U m , 

D^ t -2T^£jt >T ("2||cc|| 2 +tr|^mY|_^ tr | £ i m M|_ £ ^ _ c 
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Remembering the fact that T m M = T m Y © F/F a and ad (a) = 0 on t a , one 
sees that 


(4.16) 


tr |£ 


- 2 tr 


Mi 


= 2 tr I L 


M| 


— tr | ad(ct)|. 


□ 


4.7 Proof of Theorem 13.41 

Fix 7T G 14. Let B-, > 0 be such that the infinitesimal representation of t 
associated to n satisfies 

INX)||<B n ||X||, 

for all Xef. Set 

C n := B^ + 21| p11. 

We will prove Theorem l3.4l by showing that this value of C n has the desired 
property. 

Let U and p be as in Theorem 13.41 In particular, suppose that || p(m) || > 
C n for all m G U. Let F be a connected component of Z^, and let a be the 
value of p on F. Then || <x|| > C„. Choose e > 0 such that 

(4.17) p :=2||a||(||cx||-C,,) -e(2B n + l) >0. 

By Lemma 13.31 and properness of p, the set F is compact. Let W be a K- 
invariant, relatively compact neighbourhood of F on which the deformed 
moment map p l of Subsection 14.21 is defined, and such that Z^t is indepen¬ 
dent of te ]0,1] (see Lemma l4~2l) . 

Since F is compact. Proposition 14.111 allows us to find an open cover 
{Vi,..., V n } of F such that for all j, there are 6, e ]0,1 ], C, >0 and m.j € FnVj, 
such that for all t G ]0, Sj], we have on smooth sections of S supported 
inside Vj, 

D^ t > T(2d(mj) +2\/=TL® l - e) - Cj. 

The function d is constant on F, so d(rrij) = d(m) for any fixed m G F. Set 
6 := muy Sj and C := maxj C f . Then for all j, we have the estimate 

(4.18) Dy > T(2d(m) + - e) - C, 

for tG ]0, 5], on sections supported in Vj. 
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By shrinking W if necessary, we may assume that W C Vj. As on 
pp. 115-117 of (3J, and on P- 243 of 11291 , choose functions cpj supported in 
V), for each j, such that cp 2 = 1 on W, and which allow us to conclude 
that (14.181) holds on the space of all smooth sections of 8 supported in W. 

Next, let r c °°(S|w) 7 t be the 7t-isotypical component of r c °°(S|w)- On this 
subspace. Lie derivatives are bounded. 


Lemma 4.12. For all e > 0, the K- invariant neighbourhood W of F can be chosen 
so that the operator is bounded on r c °°(S|w) 7 t with respect to the L 2 -norm, 
with norm at most 

ll^ylr^siwkll ^ B 7t(||«.|| +e). 

In addition, the neighbourhood W with this property can be chosen independently 
of n. 


Proof. Consider the unitary isomorphism 


$ : (L 2 (K) ® L 2 (S| y )) K “ A L 2 (S|w), 

defined by 

(<W ® s))(k-y) :=iKk)k- (s(y)), 

fro up G L 2 (K), s G L 2 (S| y ), k G K and y G Y. It is K-equivariant with respect 
to the left regular representation of K in L 2 (K). So the inverse image of 
r c °°(S|w)n: lies inside (L 2 (K) 7I <8)L 2 (S|y)) K “. (Where L 2 (K) 7T isthe sum of dim tc 
copies of 7t.) 

Also, for any K-equivariant map cp : W —> 1, one can check that, on 
smooth sections, 

(4.19) ^o(D = (Do( 1®£J y ), 

where the Lie derivative operators are defined as in (|4.2|) . 

The constant map Y —> t with value <x is K a -equivariant, and hence 
extends to a K-equivariant map a : W —> t By (14.191) , we have, on smooth 
sections, 

£® lw o(k = (Do (1 

And since a G t a , we have on the smooth part of (L 2 (K) <g) L 2 (S| Y )) K “, 

1 <g)£^ Y =-£ a ® 1 . 
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n-rt SI 

Therefore, the operator is bounded on r c °°(S| w ) 7 i/ with norm at most 
B^H <x||. 

Furthermore, 

£ S| t w -o<5 = (I)o(l®£ s S ). 

\v--ol V \v-\y-ocJ 

Let {X],..., X dim{c Jbe an orthonormal basis of t K . Write 

pj := M-Xjly and a, := (a, Xj). 


Then, since p l (Y) c t a . 


r §| Y 

'Vlv-* 


dimt a 

Y (pf - aj)£ 

j=i 


S|y 
x i • 


As before, we have 1 <g) = — L Xj ® 1 on the smooth part of (L 2 (K) <g) 

L_ 2 (S|y)) K<x - So the difference £^ t w — £~ lw is bounded on r c °°(S|w) 7 i/ with 
norm at most 



L 


S|w 


r c °°(s| w ) 7 , 


< B, 


dim{ a 

L 

l=i 


— CXj I 


where || • ||oo denotes the supremum norm. 

Let e > 0. Because p t (Y D F) = {a}, we can choose the set Y, and hence 
W, so small that 

dim { a 

Y KIy - Oj||oo < £. 

1=1 

This neighbourhood W has the desired property. □ 

As noted below (14.151) , we have 

d(m) > ||a|| 2 — 2||oc||||p||. 


Combining this with Lemma 14.121 and the fact that (14.181) holds on W, we 
conclude that, on sections in r c °°(S) 7t supported in W, 














with ri > 0 as in (14.17b . Therefore, if T > C/rj, then Dj t > 0 on the space 
of such sections. Because of (14.41) , this implies that 

[index^ - (S| W) plw) : 7t] = [index^ (S| w , Tp*) : 7t] = 0. 

By summing over all connected components of Z yi , we find that 

[indexj^ (§, p) : 7t] = 0, 

so Theorem I3.4l is true. 


Remark 4.13. With Definition 13.61 we immediately see that Theorem 13.41 
generalises from taming moment maps to proper moment maps. 

A final comment, which we will use in the proof of Theorem 13.101 is 
that if 7T is the trivial representation, the above reasoning leads to a more 
precise vanishing result. Indeed, on K-invariant sections, the operator 
is zero, so the inequality (14.181) becomes 

D^ t > T (2d(m) - e) - C. 

Hence one gets the following result. 

Proposition 4.14. For every even-dimensional K-equivariant Spin c -manifold 
M, with spinor bundle § and proper moment map p, one has 

index^ (S, p) K = 0, 


if the function d is strictly positive. 

Remark 4.15. Another approach to proving Theorem [34] would be to note 
that Proposition 4.17 in [l27| generalises to the proper moment map case, 
because its proof in Il27ll is based on local computations near connected 
components of Z yi . This would yield Proposition 14.141 

Via the estimate (14.151) , this implies the case of Theorem 13.41 where n is 
the trivial representation. This is enough to prove Theorem 13.141 for the 
K-invariant parts of both sides of (13.71) , as in Section [5] That in turn can be 
used to deduce Theorem l3.4l from the case of the trivial representation, via 
a shifting trick. 

The analytic proof of Theorem l3.4l in this section makes this paper more 
self-contained than the approach sketched above would. In addition, it 
illustrates the power of analytic localisation techniques, and highlights the 
key role of the function d on Z yi that is used. This function is also of central 
importance in Ii27| , and it is interesting to see it emerge here in a very 
different way. 
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5 Multiplicativity 


The proof of Theorem l3.14l is based on the invariance of Braverman's index 
under homotopies of taming maps. Theorem 12.81 An important condition 
in the definition of such a homotopy is that the map connecting two given 
taming maps is taming itself. In our arguments, we can make sure this 
condition is satisfied by replacing given taming maps by proper ones. 

5.1 Making taming maps proper 

A key ingredient of our proof of Theorem 13.141 is the possibly surprising 
fact that a taming moment map can always be replaced by a proper one, 
without changing the resulting index. This is in fact possible for any tam¬ 
ing map. 

Let U be a connected, complete, even-dimensional manifold, and sup¬ 
pose g is a K-invariant Riemannian metric on M. Let cp : U —> f be a taming 
map, i.e. Z<p is compact. 

Proposition 5.1. Let VcU be a K-invariant, relatively compact neighbourhood 
of Z<p. Then there is a taming map cp : M —> t with the following properties: 

• ip is proper; 

• <plv = cp| v ; 


• the vector fields v 1 * 5 and have the same set of zeroes; 

• the function ||v^|| on U is proper. 

In addition, c p — pis a Spin c -moment map for a K-equivariant Sp\n c -structure 
on U, then (p — p. can be chosen to be a Spin 0 -moment map for the same Spin c - 
structure, but a different connection on the determinant line bundle. 

(Note that the first part of this proposition is not specific to the Spin c - 
setting.) 

In the setting of Proposition 15.11 if £ —> U is a K-equivariant Clifford 
module, then Proposition I2.12l implies that 

index^ (£, cp) = index^ (£, cp). 
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To prove Proposition 15.11 we consider a nonnegative, K-invariant func¬ 
tion 0 G C°°(U) K , and the map if> : U —> t defined by 

(5.1) (rb,X):=gK,X u ) 


for XgI. Here the vector field X u is defined as in (13.2b . We define the map 
cp 9 : U —> t by 


cp e := cp + 0\f>. 


If cp = p is a Spin c -moment map associated to a connection V L on the 
determinant line bundle L —> U of a given Spin c -structure, then p 9 is the 
Spin c -moment map associated to the connection 


V L — 2i0a, 


on L, where a 6 Q 1 (U) K is the one-form dual to v' p . (This deformation of 
V L is closely related to the deformation of Dirac operators as in Definition 
12.11 see Remark 13.71 ) We will prove Proposition 15.11 by showing that the 
map cp 9 has the desired properties for a well-chosen function 0. 

Let {X],..., X dimt } be an orthonormal basis of t Then 


dimt 

cp 9 = cp + 0 Y_ g( vip > x , u ) x j> 

i=i 

so that 

dimt 

(5.2) v* e =v* + 0^ gfv 19 , X 5 U )X 5 U . 

j=i 

Lemma 5.2. Let m G U. Then v^ — 0 if and only ifvf — 0. 

Proof. Let m G U. First, suppose = 0. Then cp 9 (m) = cp(m), so = 
< = °- 

To prove the converse implication, note that (15.21) implies that 

dimt 

(5.3) glv’/’l = ||v1 2 + 0]T g(v\X“) 2 . 

Suppose vJP 9 = 0. Since the second term on the right hand side of (15.31) is 
nonnegative, this implies that ||v^|| 2 = 0. □ 
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In addition, the norm of cp e is as least as great as the norm of || cp||. 

Lemma 5.3. One has 

(5.4) ||(p 0 || > ||cp||. 

Proof. By definition of cp 0 , we have for all m G U, 

(cp e (m), cp(m)) = ||cp(rrt)|| 2 + 0||v£|| 2 > ||cp(m)|| 2 . 

By the Cauchy-Schwartz inequality, this implies that 

IItp 0 (Trt)||||cp(rrt)|| > ||cp(m.)|| 2 . 

Hence (15.41) follows outside cp 1 (0). And if cp(m) = 0, then = 0, so 
cp 9 (m) = cp(m). □ 

Proposition 15. ll follows from Lemmas I5.2l and l5.3[ if we choose cp := cp 0 
with 0 as in the following lemma. 

Lemma 5.4. Let VcU be a relatively compact, K-invariant neighbourhood of 
Zip. Then the function 0 can be chosen such that 0| v = 0, and the function || || 
and the map cp e are proper. 

Proof. Fix a point mo G V. For any m G U, let 6(m) be the Riemannian 
distance from m to mo- Write 

B r := {x G U; 6(m) < r}. 


Choose r 0 > 0 such that V C B ro . 

Since v <p is tangent to orbits, and does not vanish outside V, the map if) 
does not vanish outside V. Choose 0 G C 00 (U) K such that 


• 0Ib to = 0; 

• for all m G U \ B ro+ i, 


0(m) > max 


f 6(m) [MmjJJ + 5(m) \ 
V||iMt t l)|| 2 ’ ||4>(rrL)|| )' 
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For this choice of 0, we have 


ew 2 >s, 

outside B To+1 , so 0||4>|| 2 is a proper function. Since 

llv^H 2 = Hv'p + 0v^|| 2 > 20g(v^,v (p ) = 20||r|;|| 2 , 

the function Hv^ 9 1| is proper as well. 

Next, note that 



dimt 

>e|X9K, 

j=l 



Since 


dimt 


L gKxfJXj 


ll' l M rn ')ll) 


we have for all r > r 0 + 1 and all m e U \ B r/ 


cp e (m)|| > 0||vh(m)|| - ||cp(m)|| > 6(m) > r. 


So the inverse image under cp 0 of the ball in t of radius r is contained in 
B r . Because U is complete, this inverse image is therefore compact. □ 


5.2 A first localisation 

Consider the setting of Subsection 13.51 In the proof of Theorem 13.141 we 
will use invariance of Braverman's index under homotopies of taming 
maps, as in Theorem 12.81 To construct a suitable homotopy, we decom¬ 
pose, as in Lemma l33l 

(5.5) z, M = U K.(m^W); 

CXGTjvi 

(5-6) U K . ((M x n vi^nCP)) , 

per MxN 

for discrete subsets F M and r Mx N of t*. 
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Let n G R be an irreducible representation of K. For such a n, let be 
the constant in Theorem 13.41 Set 

C^ 1 := maxjCn/jTt' G R is equal to n or occurs in index K (S N )* <g) 7t}. 

(Note that index K (§N) is finite-dimensional because N is compact, so this 
maximum is well-defined.) Let Cn > 0 be such that |||x N (n)|| < Cn for all 
points n in the compact manifold N. Consider the set 

U M := {tti G M; || Pm(tti) || < C^ 1 + 3Cn + 1 + e}, 

for an e > 0 such that 

• for all oc G Fm, || a|| ^ Cj) 1 + 3 Cn + 

• + 3C n + £ is a regular value of || |a M ||, and 3U M is a smooth hyper¬ 
surface in M. 

Furthermore, we will use the set 

■qMxn n) G M x N; || Pmxn (m-, ti) || < Cj) 1 + 2 Cn + 1 + e}, 

for an £ > 0 such that for all [3 G r MxN , || [3|| ^ Cj) 1 + 2C N + 1 + £. 

By properness of and compactness of N, the sets U M and U MxN are 
relatively compact. Furthermore, we have 

z^ M n au M = 0 ; 
z n 3U MxN = 0 

^MxN I I UU. — V. 

So Z HM fl U M and Z^ MxN D U MxN are compact. By Theorem l3.4l and Propo¬ 
sition [2TTT], we have 

(5.7) [index); (§mxn> M-mxn) : 7t] = [indexj^ (SmxnIu M xN > M-mxnIu M xN ) : • 

Here we used the fact that ||M-mxn(ttl, n)|| > C n for (m,n) G (M x N) \ 

■qMxN 
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Using Theorem 12.61 and then applying Theorem 13.41 and Proposition 
l2.11l on M, we also find that 

(5.8) 

[index* (S M xn, P-m) : 7t] = [index* (S M , Pm) ® index K (S N ) : n] 

= [index K (S N )* [index*‘(S M , Pm) : 7t'] 

= Y_ [index K (S N )* [index* 2 (S M lu M > PmIu m ) : 7t'] 

7l'gR 

= [index* (SmxnIu m xn> P-mIu m xn) : 7t] - 

Here we used the fact that for all n' occurring in index|<(SN)* <E> 7t and all 
m G M \ Um, we have || p M (m)|| > C n >. 


5.3 A homotopy of taming maps 

Consider the set 


V :={(m,n) G M x N; ||p MxN (m,n)|| < C" + 2C N + e), 

for an ee ]0,1 [ such that for all (3 G P MxN/ || (3|| ^ C^ 1 + 2C N + £. Its closure 
V is contained in (Um x N) D U MxN . Indeed, it obviously lies inside U MxN , 
while for all (m, n) G V, 

||Pm(ttl)|| < ||pMxN(m,n)|| + C N < +3C N + 1, 


so m G U M . In particular, the closure of the projection V M of V to M is 
contained in U M - 

Since 3U M is a smooth hypersurface, we can make U M complete by 
rescaling the Riemannian metric as in Subsection 12.51 Hence Proposition 
15.11 applies to PmIu m - Let p-u M : U M —* t* be the resulting proper moment 
map, chosen such that Pu M lv M = PmIv m - (Note that V M is not necessarily a 
neighbourhood of n U M , but it is contained in such a neighbourhood, 
which is enough.) Define the map 

Pu m xn : Um xN-)f 


by 


Pu M xN (m,n) = Pu M (m) + p N (n), 
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for m G U M and n G N. Then p-u M xN is proper, because p. UM is, and N is 
compact. 

We will use a homotopy argument to prove the following result. 
Proposition 5.5. The map P-u m xn is taming, and we have 



First, note that by the comment below Proposition 15.11 we have 



Therefore, to prove Proposition 15.51 it is enough to show that the left hand 
side of (15.91) equals the right hand side of (15.101) . To prove that equality, we 
will construct a homotopy of taming maps between p. U)VlxN and fl u . Then 
Proposition l5.5l follows from Theorem 12 .81 

Let A G C°°(M) be a function with values in [0,1], such that 



Set W := Um x N x [0,1]. Define the map cp : W —> t* by 
cp(m,n,t) := P-u M (m) + A(t)p N (n), 

for m G U M , n G N and t G [0,1]. We will show that Z v is compact, so 
that cp defines a homotopy of taming maps between p-u M xN and ]I Um . This 
also implies that pu M xN is taming. Therefore, the following lemma implies 
Proposition 15.51 

Lemma 5.6. The set Z ip C W where v‘ p vanishes is compact. 

Proof. We first claim that the set 


Z := {m G U m ;v^ m + =0 for some (n, s) G N x [0,1]} 


is relatively compact in U M . (Here (p N (n)) M is the vector field on M in¬ 
duced by Pn(ti) G Las in (13.25 .1 Indeed, the function (m,n) t—> ||(p N (n))^|| 
on M x N is bounded on the relatively compact set U M x N. Let C > 0 be 
an upper bound. If m G U M , n G N and s G [0,1], and 


Vm M + s(MtT-))™ = 0 
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then 


||v^ M || = s||(|x N (n))^|| < C. 

By the fifth point in Proposition 15.11 the function Hv^m || on Um is proper, 
so Z is relatively compact. 

Now let (m, n, t) G Z v . Then 

o = (v> +A(t)(n N (n))“ + v;~) e T m M x T„N. 

The vanishing of the first component implies that m lies in the relatively 
compact set Z. Since Z v is closed, the claim follows. □ 

5.4 Proof of Theorem 13.141 

After Proposition 15.51 the next step in the proof of Theorem 13.141 is the 
following application of Theorem 13.41 

Lemma 5.7. We have 

[index}; (SmxnIu m xn, PmxnIu m xn) : 7t] = [index}; (SmxnIu m xn, P-u m xn) :tt]- 
Proof. By definition of the set V, we have for all (m, n) G (U M x N) \ V, 

II M-MxN (m, n) || > Cj? + 2C N + e > C n . 

And if (m, n) G U MxN \ V, then the third point in Proposition 15.11 implies 
that 


||P-u M xN(m,n)|| = ||pu M (m) + PnN|| 

> llP-u M (m)|| - C N 

> llhu M (m)|| - C N 

> llhu M (m) + p N (n)|| -2 C n 

> C n . 

Furthermore, the choice of the number e in the definition of the set V 
implies that the vector field v^ MxN does not vanish on 3V. Because V C 
V M x N, and gu M lv M = BmIv m , we have 

(5.11) M-mxnIv = P-u m xnIv- 
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Therefore, the vector fields W MxN and v Clli m xN coincide on V. So the latter 
vector field does not vanish on 3 V either. Finally, note that both PmxnIu M xN 
and p-Ujvi xN are taming moment maps. 

By the preceding arguments. Theorem 13.41 and Proposition 12.111 imply 
that 


[index}; (SmxnIu M xN > PmxnIu M xN ) : 7t] = [index}; (SmxnIv, PmxnIv) : 7t], 


and 


[index}^ (§mxnIu m xn> P-u m xn) : 7t] — [index}^ (SmxnIv, P-u m xnIv) : 7t] • 

Applying (15.11 b to the right hand sides of these equalities, we conclude 
that the claim holds. □ 

The final ingredient of the proof of Theorem 13 .141 is the multiplicativity 
property of Braverman's index in Theorem 12.61 Consecutively applying 
(15.711 , Lemma 15771 Proposition 15.51 (15.8D and Theorem 12.61 we find that 

[index}^ (§mxn> M-mxn) : 7t] = [rndexj^ (SmxnIu M xN > PmxnIu M xN ) : tt] 

= [indexes MxnIumxN, Pu m xn) : 7t] 

= [index}; (§mxnIu m xn> P-mIu m xn) : tt] 

= [indexK 2 (S M xN,p.)vi) : 7t] 

= [index^ 2 (S M , Pm) ® index K (S N ) : 7t]. 

So Theorem 13 .141 is true. 


6 Quantisation commutes with reduction 

As noted at the start of Subsection l3.51 proving Theorem 13.141 was the main 
part of the work to prove Theorem l3.101 In the remainder of the argument, 
the function d, defined in (14.14 [) . plays an important role. We start by dis¬ 
cussing some relevant properties of this function in Subsection 16.11 Then, 
in Subsection 16.21 we combine these with Theorem 13.141 to obtain an ex¬ 
pression for the multiplicities in Theorem 13.101 localised near a compact 
set. Then we are in the same situation as in |27|. This will allow us to 
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prove Theorem 13.91 In Subsection 16.31 we indicate how to apply, and gen¬ 
eralise where necessary, the arguments in |27| needed to finish the proof 
of Theorem 13 .101 

Throughout this section, we consider the setting of Theorem 13.101 


6.1 Properties of the function d 

Let d be the function on Z H defined in (14.14)1 . Localising K-invariant parts 
of indices to neighbourhoods of d 1 (0) will be an important step in the 
proof of Theorem 13.101 The properties of d discussed in this subsection 
will be used in that localisation. 

First of all, the estimate (14.151) for d implies that for all Ci > 0, there 
is a constant C 2 > 0 such that for any K-equivariant Spin c -manifold with 
moment map p, one has for all m £ Z,„ 


( 6 . 1 ) 


||b(m)|| > C 2 


d(m) > Ci 


As a consequence, properness of p implies that the function d is proper 
as well. We will write Zjf, Zjf and Z>° for the subsets of Z Ll where the 
function d is negative, zero and positive, respectively. Then Z~° is compact 
by properness of d. By (14.151) , the function d is bounded below, so that the 
set Z^° is compact as well (though we will not use this). In addition, we 
have the following generalisation of Lemma 4.16 in [27| to our setting. 


Lemma 6.1. There is a neighbourhood ofZ~° disjoint from Z<° and Z>°. (Hence 
Z<°, Zjy° and Z>° are all unions of connected components ofZ^.) 


Proof Let C 2 be the constant in (16.11) , with Ci = 1. Then ||p|| < C 2 on 
d 1 ([—1,1]). The arguments in the proof of Lemma 4.16 in H27ll therefore 
show that d takes finitely many values in [—1,1 ]. Hence there is an e £ ]0,1 [ 
such that d _1 (] — e, e[) is is the desired neighbourhood of Zjf. □ 


By Proposition 14.141 neighbourhoods of Zj° will not contribute to in¬ 
variant parts of indices. In addition, the set where d is negative is empty 
for the manifolds we will consider. Let 0 = K/T be a regular, admissible 
coadjoint orbit of K. Here admissibility means that 0 has a K-equivariant 
Spin c -structure, for which the inclusion map p° : 0 c —» f* is a moment 
map. Let d 0 be the function on Z 


defined in (14.141) , applied to the 
diagonal action by K on M x (—0), and the moment map Pmx(-o)- The 


^Mx(-O) 
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following important property of the function do was proved in Theorem 
4.20 in m- 

Proposition 6.2. The function do is nonnegative. 

Remark 6.3. If one is interested in the K-invariant part of Q^ pm (M, p), 
one can replace M by a manifold on which the function d is nonnegative. 
Indeed, the fact that that 7t K . p is the trivial representation implies that 

Q S K pinC (M, p) K = (QiT C (M, p) ® Q s P inC (—K . p)) K 
= Qf C (Mx(-K.p) 1 p MxhKf ,) K . 

So one can work with the manifold M x (—K • p). On that manifold, the 
fact that the orbit K • p is regular and admissible implies that the function 
di<.p is nonnegative, by Proposition 16.21 

6.2 Localising multiplicities 

As before, consider a regular, admissible coadjoint orbit 0 of K. Let 7to := 
QSpm j-q j p G j-pg corresponding irreducible representation of K. It is noted 
in Proposition 3.9 in ||26ll that every irreducible representation can be re¬ 
alised in this way, for precisely one regular, admissible orbit 0. In addition, 
—0 is also regular and admissible, and 7t_ 0 is the dual representation to n 0 . 

Let m 0 £ Z be the multiplicity of 7t 0 in Q^ pm (M, p). By applying The¬ 
orem 13.141 with N = —0, we obtain an extension of the shifting trick: 

(6.2) m 0 = (Q S K pinC (M, p) ® Qf nC (-0)) K = Q^M x (-0), p M x(-o)) K . 

This generalises the expression for m 0 at the start of Section 4.5.3 in If27l , 
and is the basis of the proof of Theorem 13.101 It also allows us to prove 
Theorem 13.91 Let d 0 be the function in Proposition 16.21 

Proof of Theorem 13791 Suppose that Q^ pm (M, p) f 0. Then there is a regular, 
admissible coadjoint orbit 0 such that m 0 ^ 0. Because of (I6.2D , this means 
that 

Qf(Mx(-O),p MxN1 ) K /0. 

Proposition 14.141 then implies that the function do is not strictly positive. 
By the first point in the second part of Theorem 4.20 in 11271 , this implies 
that there is a class ( t )) £ such that ([t M , M ]) = ([fj, 1)]). □ 
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Now consider the compact set 


Z 


=o 

f*Mx(-0) 


d^(0). 


By Lemma [6dl there are disjoint, K-invariant open subsets U <0 , U _0 , U >0 C 
M x (-0) such that Z=° x( _ Q) C U =0 , and d 0 is negative on U <0 D Z^ Mx( _ 0) 
and positive on U >0 n Z |XMx( 0) . By Proposition 12.121 we have 


Qf(Mx (-0),g Mx( - 0) ) K = 


Q;T C (u<°, p m x ( - 0) |u<o) "+Qk p ^ (U=°, 


^Mx(-0)| u= o) +Q 


Spin c 

K 


(u 


>0 Mx (—0) 


lu>°) 


Now the first term on the right hand side vanishes by Proposition 16.21 
while the last term vanishes by Proposition 14.141 Therefore, we obtain a 
localised expression for the multiplicity mo- 

Corollary 6.4. For any K-invariant, open neighbourhood U =0 of Z^ x such 

that U=° n Z^ Mx( _ 0) = Z=° x( o) , the multiplicity m 0 of no in p) 

equals 

_ n Spin c n|= o Mx(—0)| \K 

m o - Vk > M- lu=°J • 


6.3 Decomposing multiplicities 

The expression for the multiplicity mo in Corollary 16.41 is the same as the 
expression just below the first display at the start of Section 4.5.3 in ||27l . 
In addition, the set Z^ ( o) is compact, so that the set U =0 may be chosen 
to be relatively compact. So from here on, the situation is exactly the same 
as in H271 . Therefore, the arguments needed to deduce Theorem 13 .101 from 
Corollary 16.41 are the same as those used in 112711 to deduce Theorem 5.9 in 
that paper from the localised expression for m 0 at the start of Section 4.5.3. 
We finish the proof of Theorem 13 .lOl bv summarising these arguments and 
how to apply them in our setting. 

Since Proposition 4.25 in Il27l is stated and proved without assuming 
the manifold M to be compact, the decomposition (4.30) in 11271 still holds 
in our setting: 

(6.3) mo = y trip, 

3> 
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with mg as defined below (4.30) in 1271 . Here the sum runs over all admis¬ 
sible coadjoint orbits CP of G such that Q^ pm (CP) = 7t 0 and the stabilisers of 
points in CP are conjugate to where £, e t* is an element such that 

[■= 

The integers raj!) can be computed in terms of actions by tori, by Theorem 
4.29 in 1271 . 

This theorem is based on Propositions 4.15 and 4.28 in 1271 . Proposition 
4.28 in 1271 , and its proof, remain true without changes for noncompact 
manifolds. In Proposition 4.15 in [27|. one considers a compact component 
of the set or zeroes of the vector field induced by a moment map. Since 
the set Z=° x( o) is compact, this proposition still applies in our setting. 
Therefore, Proposition 4.15 in 1271 can be used to show that the expression 
for Trig above Proposition 4.28 in 1271 is true in the proper moment map 
case. It then follows that Theorem 4.29 in 1271 generalises to this more 
general case, because the remainder of its proof is a local computation. 

This finally allows one to prove Theorem 13 .101 In Sections 5.1 and 5.2 
of 1271 , possibly noncompact Spin c -manifolds with proper moment maps 
are considered, so the results there apply in our setting. Using Proposition 
5.8 in |[27l. and the definition of quantisation of reduced spaces on page 
53 of 1271 . one concludes that Theorem 5.9 in 1271 generalises to the proper 
moment map case, which is to say that the expression for ttia in Theorem 
13.101 is true. 
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